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Let Bn be the unit ball in Cn . If f is a bounded holomorphic function, we say that f is
inner provided that
lim
r→1−
∣∣ f (rζ )∣∣= 1 σ -a.e., ζ ∈ Sn
where Sn is the unit sphere and σ is normalized surface measure on Sn . If β > −1 and
p > 0 then Apβ denotes the weighted Bergman space of all holomorphic functions weighted
by (1− |z|2)β . For 0 < q < 1, set Bq := A1n
q −n−1 and if p > 0 let H
p denote the usual Hardy
space of holomorphic functions on the ball. In this paper, we consider derivatives of inner
functions in several spaces of holomorphic functions. If f is an inner function, membership
of the radial derivative, R f =∑nj=1 z j ∂ f∂z j , will be considered in the Bp spaces for p > nn+1
and will be related to membership in weighted Dirichlet spaces, weighted Bergman spaces
A2α for 0 < α < 1, and to the A
p spaces for 1 < p < 2. Moreover, it will be shown that if f
is an inner function, n > 1, and either R f ∈ B 2n2n+1 , R f ∈ A3/2, or R f ∈ H1/2 then f must be
constant.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let Bn be the unit ball in Cn and Sn be the unit sphere with normalized surface measure σ . A bounded, holomorphic
function f is called inner provided that
lim
r→1−
∣∣ f (rζ )∣∣= 1 σ -a.e., ζ ∈ Sn.
If f is a non-constant inner function, then by the maximum principle we have | f (z)| < 1 for all z ∈ Bn . When n = 1,
inner functions abound. Blaschke products are certainly inner as are singular functions which take the form
Sμ(z) := exp
(
−
∫
|w|=1
w + z
w − z dμ(w)
)
,
where μ is a positive, Borel measure singular to Lebesgue measure (Haar measure on the circle). In fact, these are really the
only two possibilities when n = 1 as every inner function in the plane can be factored into a singular inner function and a
Blaschke product.
In several variables, the existence of non-constant inner functions on the ball was a rather elusive problem for quite
some time. In 1982, A.B. Aleksandrov and others working independently constructed a proof of existence. In [14], Walter
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and Taylor utilized the convexity properties of the ball to show that if the gradient of an inner function belongs to L2 when
n > 1, then f is constant. These peculiar properties naturally led to the question of integrability of derivatives of inner
functions when n > 1.
In [8], Yves Dupain modiﬁed the Aleksandrov construction and furnished an inner function whose gradient belongs
to L1. The question pertaining to L1 membership (and as we will later see in this paper, Lp membership for 1 < p < 2) is
intimately connected with a class of spaces we denote as Bp for 0 < p < 1. A holomorphic function f on Bn belongs to Bp
provided that∫
Bn
∣∣ f (z)∣∣(1− |z|2) np −n−1 dv(z) < ∞.
If β > −1 we let Apβ denote the weighted Bergman space of holomorphic functions with weight (1 − |z|2)β . The special
case Ap0 (the classical Bergman space) is denoted simply by A
p . It is then evident that A1 = B nn+1 and that Bp = A1n
p −n−1.
It so happens that p = nn+1 appears to be the breaking point for membership of radial derivatives of inner functions. As
we will see momentarily, all inner functions have a derivative in Bp when p < nn+1 (in fact, this is true for all bounded
holomorphic and A1α functions for appropriate α). In this paper, we will prove the following:
Theorem A. (See Corollaries 3.2, 3.3.) Suppose that f is an inner function on Bn and let R f =∑nj=1 z j ∂ f∂z j denote the radial derivative
of f .
(a) If 0 < α < 1 then R f ∈ B nn+α if and only if R f ∈ A2α .
(b) If n > 1 and R f ∈ B 2n2n+1 (or R f ∈ A21/2) then f is constant.
Thus, we furnish a partial answer to this question when p > nn+1 in several variables. It is noteworthy to remark that
when n = 1, there are inner functions with derivatives belonging to all of the Bp spaces (see [3,11,12]). Also, in [2], Ahern
and Clark show that if n = 1 and f is inner on D with f ′ ∈ B2/3, then f is a Blaschke product. Theorem A(b) is a higher
dimensional version of this result.
By the Bedford and Taylor result, we know that derivatives of inner functions in L2 must be constant. Likewise by
Dupain’s result, we know that there are non-constant inner functions with a derivative in L1, leaving only the question of
what happens in Lp when 1 < p < 2. In this paper, we show that membership of derivatives in Bq for nn+1 < q < 1 is related
to membership in Lp for 1 < p < 2 and we furnish a stronger version of the Bedford and Taylor result in [6] by proving the
following:
Theorem B. (See Corollary 3.4.) Let f be an inner function on Bn.
(a) If 1 < p < 2 then R f ∈ Ap if and only if R f ∈ B nn+(2−p) .
(b) If n = 1 and f ′ ∈ A3/2 then f is a Blaschke product.
(c) If n > 1 and R f ∈ A3/2 then f is constant.
If 0 < p < ∞ and Sn denotes the unit sphere and σ denotes normalized surface measure, then Hp denotes the usual
Hardy space on the ball, i.e. the space of holomorphic functions f for which
‖ f ‖Hp := sup
0<r<1
( ∫
Sn
∣∣ f (rζ )∣∣p dσ(ζ ))1/p < ∞.
When n = 1, David Protas showed that certain Blaschke products belong to the Hp spaces for p  12 (see [11]). Speciﬁ-
cally, he showed that if b is a Blaschke product whose zeros (an) satisfy
∞∑
k=1
(
1− |ak|
)α
< ∞,
where 0 < α < 1/2, then b′ ∈ H1−α . He also showed that if
∞∑(
1− |ak|
)1/2
log
(
1
1− |ak|
)
< ∞,
k=1
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Ahern and Clark showed that if φ is an inner function on the unit disk with φ′ ∈ H1/2 then φ must be a Blaschke product.
In this paper, we will prove the following theorem:
Theorem C. (See Theorem 3.2.) Suppose that n > 1 and that f is an inner function on Bn. If the radial derivative of f , R f =∑n
j=1 z j
∂ f
∂z j
, belongs to H1/2 , then f is constant.
This work is part of the author’s doctoral dissertation at the University of South Carolina. The author wishes to thank his
graduate advisor, Manfred Stoll, for introducing him to this problem and for his guidance and patience. He also wishes to
thank those who helped proofread the draft and offered useful suggestions among whom are Manfred Stoll, Harold P. Boas,
and the reviewer.
2. Notation and preliminary results
For z,w ∈ Cn , let
〈z,w〉 :=
n∑
j=1
z jw j
be the standard inner product so that |z| = 〈z, z〉1/2 is the usual Euclidean norm. If a ∈ Cn and δ > 0 we let B(a, δ) :=
{z: |z − a| < δ} denote the ball about a of radius δ and S(a, δ) := {z: |z − a| = δ} be the sphere about a of radius δ. In
the special case when δ = 1 and a = 0, we write Bn := B(0,1) and Sn := S(0,1). When n = 1 we denote the unit disk by
D := B1.
If Ω ⊂ Cn is open, we let H(Ω) denote the space of holomorphic functions on Ω . For 1  j  n, deﬁne the partial
differential operators
∂ j := ∂
∂z j
:= 1
2
(
∂
∂x j
− i ∂
∂ y j
)
and ∂ j := ∂
∂z j
:= 1
2
(
∂
∂x j
+ i ∂
∂ y j
)
.
Then clearly, f is holomorphic on Ω if and only if ∂ j f = 0 for each 1 j  n. If f is C1, we deﬁne its complex gradient
to be
∇ f (z) :=
(
∂ f
∂z1
, . . . ,
∂ f
∂zn
)
.
For f ∈ H(Bn) the radial derivative of f , denoted R f , is given by
R f (z) := d
dt
f (tz)
∣∣∣∣
t=1
=
n∑
j=1
z j
∂ f
∂z j
.
We can also take successive applications of R f (z) by setting Rm f (z) := R(Rm−1 f )(z) for m ∈ N.
The automorphism group of the unit ball, Aut(Bn), may be built by functions of the form ϕa(z) where a ∈ Bn and ϕa
satisﬁes ϕa(0) = a, ϕa(a) = 0, and ϕa(ϕa(z)) = z. One can show (see [13, Theorem 2.2.2]) that for a ∈ Bn and z ∈ Bn that
1− ∣∣ϕa(z)∣∣2 = (1− |a|2)(1− |z|2)|1− 〈z,a〉|2 . (2.1)
On Cn , let dv(z) denote Lebesgue measure which we normalize on Bn with v(Bn) = 1 and let dσ denote normalized
surface measure on Sn . If α ∈ R we let
dvα(z) =
(
1− |z|2)α dv(z)
be weighted Lebesgue measure on Bn . It is apparent that dvα is ﬁnite if and only if α > −1.
We will later consider integrals with respect to the measure dτ = dv−n−1. The measure dτ is invariant under composi-
tions of automorphisms of Bn (see [13, Theorem 2.2.6]). That is,∫
Bn
( f ◦ ϕ)(z)dτ (z) =
∫
Bn
f (z)dτ (z) ∀ϕ ∈ Aut(Bn).
Of particular interest to us are several spaces of holomorphic functions. If α > −1 and 0 < p < ∞ then the weighted
Bergman space Apα is the set of all f ∈ H(Bn) for which
‖ f ‖Apα :=
( ∫ ∣∣ f (z)∣∣p dvα(z)
)1/p
< ∞.Bn
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p . It is clear that Apα is a Banach space with norm ‖ · ‖Apα
when 1 p < ∞. When 0 < p < 1, the space Apα becomes a complete metric space with metric ρ( f , g) := ‖ f − g‖pApα . If we
are merely speaking of measurable functions, we shall denote the space above by Lpα .
We now state a characterization of the Bergman spaces that will prove to be useful (see [19, Theorem 2.16]).
Lemma 2.1. Let α > −1 and 0 < p < ∞. Then f ∈ Apα if and only if R f ∈ App+α .
Related to the weighted Bergman spaces are the Bp spaces. For 0 < p < 1, we deﬁne Bp to be the space of all f ∈ H(Bn)
for which
‖ f ‖Bp :=
∫
Bn
∣∣ f (z)∣∣(1− |z|2)n/p dτ (z) = ∫
Bn
∣∣ f (z)∣∣(1− |z|2) np −n−1 dv(z) < ∞.
Clearly, we may write Bp = A1n
p −n−1. For 0 < p < ∞, the Hardy space H
p on the unit ball is the space of all f ∈ H(Bn) for
which
‖ f ‖pHp := sup
0<r<1
∫
Sn
∣∣ f (rζ )∣∣dσ(ζ ) < ∞.
If p = ∞ then H∞ denotes the space of bounded holomorphic functions on Bn .
Bp is known to be the containing Banach space of Hp for 0 < p < 1. The case n = 1 was considered by Duren, Romberg,
and Shields in [9]. In fact, they showed that Hp and Bp share the same dual space. In higher dimensions, Mitchell and
Hahn in [10] showed that Hp is dense in Bp (also, see [15]). In [7], Chen showed that Hp and Bp have identical dual spaces
when n > 1.
If f ∈ C2 then the invariant Laplacian on the ball, ˜, is given by
˜ f (z) = 4
n + 1
(
1− |z|2)∑
i j
[δi j − zi z j] ∂
2 f
∂z j∂zi
. (2.2)
The operator (2.2) above has the property that ˜( f ◦ ϕ) = ˜ f ◦ ϕ for all ϕ ∈ Aut(Bn). Intimately related to (2.2) is the
invariant gradient operator which can be deﬁned in a similar manner as the invariant Laplacian for f ∈ C1 (see Section 3.4
in [16] for a more detailed discussion). We note that ∇˜ is also invariant under composition with automorphisms and if f is
holomorphic, one can show that
∣∣∇˜ f (z)∣∣2 = 2
n+ 1
(
1− |z|2)∑
i j
[δi j − zi z j] ∂ f
∂zi
∂ f
∂z j
(2.3)
= 2
n+ 1
(
1− |z|2)(∣∣∇ f (z)∣∣2 − ∣∣R f (z)∣∣2). (2.4)
Using the deﬁnition of R f (z) yields |R f (z)| |z| · |∇ f (z)|. By (2.4) we see that√
2
n + 1
(
1− |z|2)∣∣R f (z)∣∣√ 2
n+ 1
(
1− |z|2)∣∣∇ f (z)∣∣ ∣∣∇˜ f (z)∣∣ (2.5)
and
∣∣∇˜ f (z)∣∣√ 2
n + 1
(
1− |z|2)1/2∣∣∇ f (z)∣∣. (2.6)
If p > 0 and γ ∈ R then the weighted Dirichlet space Dpγ is the set of all f ∈ H(Bn) so that
‖ f ‖Dpγ :=
( ∫
Bn
(
1− |z|2)γ ∣∣∇˜ f (z)∣∣p dτ (z))1/p < ∞.
We observe that we may add | f (0)| to the expression above in order to make ‖ f ‖Dpγ a norm for p  1. The following result
will be utilized later.
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(a) If n 2 then Dpγ contains non-constant holomorphic functions if and only if γ > n− p2 .
(b) If n 2 and γ > n− p2 then f ∈ Dpγ if and only if∫
Bn
(
1− |z|2)γ+p∣∣R f (z)∣∣p dτ (z) < ∞.
When n = 1, this holds without constraint on γ .
Proof. Part (a) is a restatement of Theorem 3.3 in [17]. Part (b) follows from Remark 5.2 in [4] by taking m = 1, s < 12 , and
choosing γ so that
p(1− s) + n = γ + p ⇐⇒ γ = n− ps.
When n = 1, Eq. (2.4) implies that |∇˜ f (z)| = (1− |z|2)| f ′(z)| so that
‖ f ‖Dpγ =
∫
D
(
1− |z|2)γ+p∣∣ f ′(z)∣∣p dτ (z)
which is ﬁnite if and only if the desired integral above is ﬁnite. 
If X is a space of holomorphic functions, we will sometimes abuse notation by writing |∇ f | ∈ X to mean that ∂ j f ∈ X
for all 1 j  n. Sometimes, it is more convenient to interchange R f and |∇ f |. This is justiﬁed by the following:
Lemma 2.3. Let α > −1 and 0 < p < ∞. Then R f ∈ Apα if and only if |∇ f | ∈ Lpα .
Proof. This follows from Theorem 5.3 in [5] taking s = 1 and q = α + 1. 
The Green’s function G(z,w) for ˜ is given by
G(z,w) := g(ϕw(z)) where g(z) := n + 1
2n
1∫
|z|
(
1− t2)n−1t−2n+1 dt. (2.7)
The following illustrates some simple properties of g that will be useful later.
Lemma 2.4. Let 0 < δ < 1 be ﬁxed and g(z) be the function in (2.7). Then g(z) satisﬁes the following:
(a) For all z ∈ Bn
g(z) >
n+ 1
4n2
(
1− |z|2)n (2.8)
and
g(z) < C |z|−2n+2 (2.9)
where C depends only on n.
(b) g(z) C(1− |z|2)n for all z ∈ Bn with |z| δ where C depends only on δ and n.
(c) For |z| suﬃciently small and n > 1 then g(z) ≈ |z|−2n+2 .
We remark that when n = 1, g(z) = − log |z|. Finally, if f : Bn → [−∞,∞) is upper semicontinuous and f is not identi-
cally −∞, we say that f is M-subharmonic provided that
f (a)
∫
Sn
f
(
ϕa(rζ )
)
dσ(ζ )
for all a ∈ Bn and r suﬃciently small. If f is C2 then f is M-subharmonic if and only if ˜ f (z) 0. As it might be expected,
we say that f is M-superharmonic provided that − f is M-subharmonic. The following theorem (see [16, Theorem 6.10])
is essential to the main result of this paper. This version is essentially due to D. Ullrich (see [18]).
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satisﬁes
lim
r→1−
∫
Sn
V (rζ )dσ(ζ ) = 0
then there exists a regular Borel measure μ = μV so that
V (z) =
∫
Bn
G(z,w)dμV (w)
where G is the Green’s function (2.7). Moreover, if V is C2 then
dμV (w) = −˜V (w)dτ (w).
3. Proof of the theorems
We begin by making a simple observation.
Proposition 3.1. If f is inner on Bn and 0 < p < nn+1 then R f ∈ Bp.
Proof. By assumption, we can ﬁnd an α > 1 so that p = nn+α . Then np − n− 1 = α − 1 > 0 so that
‖R f ‖Bp =
∫
Bn
(
1− |z|2) np −n−1∣∣R f (z)∣∣dv(z) = ∫
Bn
(
1− |z|2)α−1∣∣R f (z)∣∣dv(z).
By Lemma 2.1, the above integral is ﬁnite if and only if f ∈ A1α−2 which is always the case since α − 2 > −1. 
As we alluded in Section 1, we did not need the fact that f was inner in the above proposition and it actually holds for
a wide class of functions.
We now turn our attention to our results pertaining to p > nn+1 . Before we can proceed, it is necessary to demonstrate a
sequence of lemmas.
Lemma 3.1. If f : Bn → D is holomorphic then
∣∣∇˜ f (z)∣∣√ 2
n + 1
(
1− ∣∣ f (z)∣∣2).
Proof. By the invariance property, we have
∣∣∇˜ f (z)∣∣= ∣∣∇˜ f (ϕz(0))∣∣= ∣∣∇˜( f ◦ ϕz)(0)∣∣=
√
2
n+ 1
∣∣∇( f ◦ ϕz)(0)∣∣.
Fix z ∈ Bn and let u = f (z). Set h := ϕu ◦ f ◦ ϕz . Note that h : Bn → D is holomorphic with h(0) = 0. If L(z) := 〈z,∇h(0)〉
then L is linear so by Theorem 8.1.2 in [13], |L(z)| < 1 for all z ∈ Bn . Then it is clear that ‖L‖ = |∇h(0)| where ‖ · ‖ is the
operator norm induced by the standard Euclidean norm on Cn and∣∣∇h(0)∣∣= ‖L‖ = sup
|z|=1
∣∣L(z)∣∣ 1.
Now
∣∣∇h(0)∣∣2 = n∑
j=1
∣∣∣∣ ∂h∂z j (0)
∣∣∣∣
2
but
∂
∂z j
h(0) = Dϕu
(
f (z)
) ∂
∂z j
( f ◦ ϕz)(0) = −1
1− | f (z)|2
∂
∂z j
( f ◦ ϕz)(0),
so that
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∣∣∇h(0)∣∣2 = 1
(1− | f (z)|2)2
n∑
j=1
∣∣∣∣ ∂∂z j ( f ◦ ϕz)(0)
∣∣∣∣
2
= |∇( f ◦ ϕz)(0)|
2
(1− | f (z)|2)2 ,
from which the conclusion follows. 
Lemma 3.2. Let 0 < p < 1 and suppose that f is an inner function on Bn. Set
Np,n( f ) :=
∫
Bn
(
1− |z|2) np −n−2(1− ∣∣ f (z)∣∣2)dv(z).
(a) ‖∇ f ‖Bp  Np,n( f ).
(b) If, in addition, we have p > nn+1 then there is a constant C independent of f , so that Np,n( f ) C‖∇ f ‖Bp .
Proof. By Lemma 3.1 and (2.5) it follows that
∣∣∇ f (z)∣∣ 1− | f (z)|2
1− |z|2 ,
from which (a) easily follows.
To show (b), let n < γ < n + 1 and set
Iγ ( f , ζ ) := 2n
1∫
0
r2n−1
(
1− r2)γ−n−2(1− ∣∣ f (rζ )∣∣)dr for all ζ ∈ Sn.
Because f is inner, we have
1− ∣∣ f (rζ )∣∣
1∫
r
∣∣∇ f (sζ )∣∣ds a.e., ζ ∈ Sn
where 0 < r < 1. Consequently, for almost every ζ ∈ Sn we have
Iγ ( f , ζ ) = 2n
1∫
0
r2n−1
(
1− r2)γ−n−2(1− ∣∣ f (rζ )∣∣)dr
 2n
1∫
0
r2n−1
(
1− r2)γ−n−2
1∫
r
∣∣∇ f (sζ )∣∣dsdr
which, by changing the order of integration, gives
= 2n
1∫
0
∣∣∇ f (sζ )∣∣
s∫
0
r2n−1
(
1− r2)γ−n−2 dr ds
 2n · Cn
1∫
0
∣∣∇ f (sζ )∣∣s2n−1(1− s2)γ−n−1 ds
where the last inequality follows because
s∫
0
r2n−1
(
1− r2)γ−n−2 dr  Cns2n−1(1− s2)γ−n−1
by hypothesis on γ . Now, set γ := n/p so that n < γ < n + 1 by hypothesis on p. Integrating over the sphere and applying
polar coordinates yields the desired result (we note that one can easily replace 1− | f (z)| with 1− | f (z)|2). 
We are now ready to state and prove a theorem that is necessary to show the remainder of our results.
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such that the following hold:
(a) If q 1 then ‖ f ‖Dq
(n/p)−1
 c‖∇ f ‖Bp .
(b) If 0 < q 2 then ‖∇ f ‖Bp  C‖ f ‖Dq
(n/p)−1
.
Proof. Let nn+1 < p < 1. By Lemma 3.2 and hypothesis on p, ‖∇ f ‖Bp is equivalent to Np,n( f ). If q 1 then Lemma 3.1 gives∫
Bn
(
1− |z|2) np −n−2∣∣∇˜ f (z)∣∣q dv(z) ∫
Bn
(
1− |z|2) np −n−2(1− ∣∣ f (z)∣∣2)q dv(z)

∫
Bn
(
1− |z|2) np −n−2(1− ∣∣ f (z)∣∣2)dv(z)
 C‖∇ f ‖Bp
yielding (a).
To prove (b), set V (z) := 1−| f (z)|2. Then V is M-superharmonic and by the Lebesgue dominated convergence theorem,
lim
r→1−
∫
Sn
V (rζ )dσ(ζ ) = 0.
By the Riesz Decomposition Theorem, there exists a regular Borel measure μ = μV on Bn so that
V (z) =
∫
Bn
G(z,w)dμ(w).
Then by the Fubini–Tonelli theorem,∫
Bn
(
1− |z|2) np −n−2(1− ∣∣ f (z)∣∣2)dv(z) = ∫
Bn
(
1− |z|2) np −n−2 ∫
Bn
G(z,w)dμ(w)dv(z)
=
∫
Bn
∫
Bn
(
1− |z|2) np −1g(ϕw(z))dτ (z)dμ(w).
By the invariance property of dτ (z) and Eq. (2.1),∫
Bn
(
1− |z|2) np −1g(ϕw(z))dτ (z) = ∫
Bn
(
1− ∣∣ϕw(z)∣∣2) np −1g(z)dτ (z)
= (1− |w|2) np −1 ∫
Bn
(1− |z|2) np −1
|1− 〈z,w〉|2( np −1)
g(z)dτ (z)
= (1− |w|2) np −1 I(w).
Here,
I(w) :=
∫
Bn
(1− |z|2) np −1
|1− 〈z,w〉|2( np −1)
g(z)dτ (z)
=
∫
Bn\B(0,δ)
+
∫
B(0,δ)
(1− |z|2) np −n−2
|1− 〈z,w〉|2( np −1)
g(z)dv(z)
where 0 < δ < 1 is ﬁxed. Then for n > 1, an application of (2.8) and (2.9) to the appropriate integral above yields
I(w) C1
∫
|z|−2n+2 (1− |z|
2)
n
p −n−2
|1− 〈z,w〉|2( np −1)
dv(z) + C2
∫
(1− |z|2) np −2
|1− 〈z,w〉|2( np −1)
dv(z).B(0,δ) Bn
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n+ 1+ c + t = 2
(
n
p
− 1
)
⇐⇒ c = n
p
− n − 1
so that c < 0 by hypothesis on p. Thus, Proposition 1.4.10 in [13] tells us that the second integral is bounded.
As for the ﬁrst integral, we have
∫
B(0,δ)
|z|−2n+2 (1− |z|
2)
n
p −n−2
|1− 〈z,w〉|2( np −1)
dv(z) = 2n
δ∫
0
r2n−1
∫
Sn
r−2n+2 (1− r
2)
n
p −n−2
|1− r〈ζ,w〉|2( np −1)
dσ(ζ )dr
 2n
δ∫
0
r
(
1− r2) np −n−2(1− r)2(1− np ) dr < ∞.
If n = 1, then
I(w) :=
∫
D
(1− |z|2) 1p −3
|1− 〈z,w〉|2( 1p −1)
log
1
|z| dv(z),
which is easily seen to be bounded from above in a similar manner.
Consequently, if∫
Bn
(
1− |w|2) np −1 dμ(w) < ∞
then |∇ f | ∈ Bp . Our only remaining task is to explicitly compute the Riesz measure μ = μV . Since | f (z)|2 is C2 we have
dμV (z) = −˜V (z)dτ (z). Because f is holomorphic, a simple computation gives
∂2
∂zi∂z j
∣∣ f (z)∣∣2 = ∂ f
∂zi
∂ f
∂z j
.
Consequently, dμV (z) = 2|∇˜ f (z)|2 dτ (z) by Eqs. (2.2) and (2.3). Note also that by Lemma 3.1, |∇˜ f (z)| < 1. Then if 0 < q 2
we have∫
Bn
(
1− |w|2) np −1 dμ(w) = 2∫
Bn
(
1− |w|2) np −1∣∣∇˜ f (w)∣∣2 dτ (w)
= 2
∫
Bn
(
1− |w|2) np −1∣∣∇˜ f (w)∣∣q∣∣∇˜ f (w)∣∣2−q dτ (w)
< 2
∫
Bn
(
1− |w|2) np −1∣∣∇˜ f (w)∣∣q dτ (w).
This yields the desired result. 
There are several consequences of this theorem and we explore them now. However, we ﬁrst remark that the non-trivial
portion of (b) above occurs in the case when 1 < q  2. When q  1 part (b) can be deduced directly. It is the non-trivial
case that will primarily be useful to us.
Corollary 3.1. If f is an inner function on Bn and if nn+1 < p < 1 and 1 q 2, then the following are equivalent:
(a) |∇ f | ∈ Bp,
(b) R f ∈ Bp,
(c) f ∈ Dqn
p −1 .
We remark that (a) implies (b) is always true in general by Lemma 2.3; because of this, we elect to primarily work
with R f . We now relate the Bp spaces of inner functions to the weighted L2 Bergman space.
Corollary 3.2. Let 0 < α < 1 and suppose that f is an inner function on Bn. Then R f ∈ B nn+α if and only if R f ∈ A2α .
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n
n+α if and only if f ∈ D2n+α−1 where
γ := n
p
− 1= n+ α − 1 > n− q
2
= n− 1.
By Lemma 2.2(b), f ∈ D2n+α−1 if and only if∫
Bn
(
1− |z|2)γ+2∣∣R f (z)∣∣2 dτ (z) = ∫
Bn
(
1− |z|2)α∣∣R f (z)∣∣2 dv(z) < ∞
yielding the desired result. 
Remark 3.1. Corollary 3.2 is also true in more general Bergman spaces as well for 0 < α < 1. For, if p0 = nn+α and γ :=
n
p0
− 1 = n + α − 1 then
γ > n− q
2
⇐⇒ q > 2(1− α)
so that f ∈ Dqn+α−1 if and only if R f ∈ Aqα−2+q where q > 2(1− α) by Lemma 2.2(b).
If R f ∈ B nn+α then f ∈ Dqn+α−1 for q 1 by Theorem 3.1(a) which holds if and only if R f ∈ Aqα−2+q for q > 2(1− α) and
q 1. Conversely, if R f ∈ Aqα−2+q and 2(1− α) < q 2 then f ∈ Dqn+α−1 and, consequently, R f ∈ B
n
n+α by Theorem 3.1(b).
Corollary 3.3. Suppose that n > 1 and that f is an inner function on Bn. If R f ∈ B 2n2n+1 then f is constant. In particular, if R f ∈ A21/2
then f is constant.
Proof. Let q = 1. Then, taking p = 2n2n+1 gives γ = np − 1 = n + 12 − 1 = n − 12 . Consequently, f ∈ D1γ by Corollary 3.1. But
according to Lemma 2.2(a), f must be constant. Finally, by Corollary 3.2 R f ∈ A21/2 if and only if R f ∈ B
2n
2n+1 . 
We note that the inclusion properties of Bp and Corollary 3.3 imply that if f is an inner function on Bn and R f ∈ B nn+α
for n > 1 and 0 < α  12 then f is constant.
We can also use the main theorem to discuss membership of R f in Lp spaces for 1 < p < 2 and to furnish something
slightly stronger than the Bedford and Taylor result in [6]. This is actually a special case of Remark 3.1 but due to its
importance, we choose to state it here.
Corollary 3.4. Let f be an inner function on Bn.
(a) If 1 < p < 2 then R f ∈ Ap if and only if R f ∈ B nn+(2−p) .
(b) If n = 1 and f ′ ∈ A3/2 then f is a Blaschke product.
(c) If n > 1 and R f ∈ A3/2 then f is constant.
Proof. In Remark 3.1, let α := 2− p and q := p. Then clearly q > 2(1− α) if and only if p < 2.
If n = 1 and f ′ ∈ A3/2, then f ′ ∈ B2/3 by part (a). However in [2], Ahern and Clark show that if f is inner on D with
f ′ ∈ B2/3 then f is a Blaschke product.
Finally, if n > 1 and R f ∈ A3/2 then part (a) tells us that R f ∈ B 2n2n+1 whereby Corollary 3.3 tells us that f must then be
constant. 
This next corollary utilizes some of these results to obtain membership of non-constant inner functions in the Bergman
spaces when n = 1.
Corollary 3.5. Let 0 < α < 1. If b(z) is a Blaschke product whose zeros (ak) satisfy
∞∑
k=1
(
1− |ak|
)α
< ∞
then b′ ∈ A2α and b′ ∈ A2−α .
Proof. In [11], Protas showed that if the given condition on the zeros holds, then b′ ∈ B 11+α . Now, apply Corollaries 3.2
and 3.4(a) above when n = 1. 
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2n
2n+1 with H
2n
2n+1 . However, we can
greatly improve this.
Theorem 3.2. Let n > 1 and suppose that f is an inner function on Bn. If R f ∈ H1/2 then f is constant.
Proof. It is well known (see [16, Theorem 6.17]) that a holomorphic function f belongs to Hp if and only if∫
Bn
(
1− |z|2)n∣∣ f (z)∣∣p−2∣∣∇˜ f (z)∣∣2 dτ (z) < ∞.
By hypothesis and Eq. (2.5), the fact above with p = 12 and f replaced by R f yields∫
Bn
(
1− |z|2)∣∣R f (z)∣∣−3/2∣∣R2 f (z)∣∣2 dv(z) ∫
Bn
(
1− |z|2)n∣∣R f (z)∣∣ 12−2∣∣∇˜R f (z)∣∣2 dτ (z) < ∞.
Lemma 3.1 and Eq. (2.5) combined yield
cn
(
1− |z|2)∣∣R f (z)∣∣ ∣∣∇˜ f (z)∣∣ cn(1− ∣∣ f (z)∣∣2)
or (1−|z|2)|R f (z)| < 1. Because the zero set of a holomorphic function has measure zero, we have (1−|z|2)3/2 < |R f (z)|−3/2
for almost every z ∈ Bn . Applying this to the integrals above gives∫
Bn
(
1− |z|2)1+ 32 ∣∣R2 f (z)∣∣2 dv(z) = ∫
Bn
(
1− |z|2)2∣∣R2 f (z)∣∣2 dv1/2(z) < ∞.
By Lemma 2.1, the above implies that R f ∈ A21/2 from which the conclusion follows by Corollary 3.3. 
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